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ON THE MORDELL-WEIL RANKS OF SUPERSINGULAR
ABELIAN VARIETIES IN CYCLOTOMIC EXTENSIONS
ANTONIO LEI AND GAUTIER PONSINET
Abstract. Let F be a number field unramified at an odd prime p and F∞
be the Zp-cyclotomic extension of F . Let A be an abelian variety defined over
F with good supersingular reduction at all primes of F above p. Büyükboduk
and the first named author have defined modified Selmer groups associated to
A over F∞. Assuming that the Pontryagin dual of these Selmer groups are
torsion Zp[[Gal(F∞/F )]]-modules, we give an explicit sufficient condition for
the rank of the Mordell-Weil group A(Fn) to be bounded as n varies.
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Introduction
Let F be a number field. For an odd prime number p, let (Fn)n≥0 be the
tower of number fields such that F∞ = ∪nFn is the Zp-cyclotomic extension and
Gal(Fn/F ) ≃ Z/pnZ (see §1.1).
Let A be an abelian variety defined over F . By Mordell-Weil’s theorem, the
groups A(Fn) of Fn-rational points of A are finitely generated abelian groups
[Mum85, Appendix II]. One may wonder how these groups vary as n varies.
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To study the asymptotic growth of their ranks, a strategy (developed by Mazur [Maz72])
goes as follows . One studies the structure as a Zp[[Gal(F∞/F )]]-module of the
Selmer group Selp(A/F∞) (see §2.2), as well as its relation to the Selmer groups
Selp(A/Fn) over Fn through Galois descent. One then deduces information about
the rational points via the exact sequence
(1) 0→ A(Fn)⊗Qp/Zp → Selp(A/Fn)→Xp(A/Fn)→ 0,
where Xp(A/Fn) is the p-primary component of the Tate-Shafarevitch group of A
over Fn.
When A has good ordinary reduction at primes above p, the Pontryagin dual
of Selp(A/F∞) is conjectured to be a torsion Zp[[Gal(F∞/F )]]-module (proved by
Kato when A is an elliptic curve defined over Q and F/Q is an abelian extension).
Under this conjecture, Mazur’s control theorem on the Selmer groups implies that
the rank of the Mordell-Weil group A(Fn) is bounded independently of n.
However, this approach does not work without the ordinarity assumption. Firstly,
Mazur’s control theorem does not hold. Secondly, the Pontryagin dual of the Selmer
group Selp(A/F∞) is no longer expected to be a torsion Zp[[Gal(F∞/F )]]-module.
In the case where A is an elliptic curve with ap = 0 and F = Q, Kobayashi [Kob03]
defined two modified Selmer groups (often referred as plus and minus Selmer groups
in the literature) and proved that they do satisfy the two aforementioned properties,
namely the cotorsioness over an appropriate Iwasawa algebra and a control theorem
à la Mazur. As a consequence, one deduces that the rank of the Mordell-Weil group
A(Fn) is bounded independently of n. See [Kob03, Corollary 10.2]. Alternatively,
it is possible to deduce the same result using Kato’s Euler system in [Kat04] and
Rohrlich’s non-vanishing results on the complex L-values of A in [Roh84]. See the
discussion after Theorems 1.19 and 1.20 in [Gre01].
We note that a different approach was developed by Perrin-Riou [PR90, §6] to
study the Mordell-Weil ranks of an elliptic curve with supersingular reduction and
ap = 0. She showed that when a certain algebraic p-adic L-function is non-zero and
does not vanish at the trivial character, then the Mordell-Weil ranks of the elliptic
curve over Fn are bounded independently of n. Kim [Kim18] as well as Im and
Kim [IK19] have generalized this method to abelian varieties which can have mixed
reduction types at primes above p. Furthermore, unlike the present article, they did
not assume that p is unramified in F . Following Perrin-Riou’s construction, Im and
Kim defined certain algebraic p-adic L-functions and showed that when these are
non-zero, then the Mordell-Weil ranks of the abelian variety over Fn are bounded
by certain explicit polynomials in n.
The goal of the present article is study the Mordell-Weil ranks of an abelian
variety A over Fn under the assumptions that p is unramified in F and that A is
supersingular at all primes of F above p. We make use of the signed Selmer groups
developed by Büyükboduk and the first named author in [BL17] (see §2.1 for a
review of their constructions; these Selmer groups generalize Kobayashi’s plus and
minus Selmer groups). Our main result is the following.
Theorem (Theorem 3.4). Assume that the Pontryagin dual of the signed Selmer
groups of A over F∞ are torsion Zp[[Gal(F∞/F )]]-modules. There exist an explicit
sufficient condition on the Coleman maps attached to A which ensure that the rank
of the Mordell-Weil group of the dual abelian variety A∨(Fn) is bounded as n varies.
We show further that when the Frobenius on the Dieudonné module of A at p
can be expressed as certain block matrix, then the explicit condition in Theorem 3.4
can be verified (see Corollaries 3.7 and 3.10). We explain at the end of the paper
that our result applies to abelian varieties of GL2-type.
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As opposed to the ordinary case, we do not have a direct relation between the
signed Selmer groups and the Mordell-Weil group as in the exact sequence (1). How-
ever, we may nonetheless obtain information about the Selmer groups Selp(A/Fn)
from the signed Selmer groups via the Poitou-Tate exact sequence and some calcu-
lations in multi-linear algebra.
Acknowledgement. The authors would like to thank Kazim Büyükboduk, Daniel
Delbourgo, Eyal Goren, Byoung Du Kim, Chan-Ho Kim, Jeffrey Hatley and Florian
Sprung for answering many of our questions during the preparation of this paper.
We would also like to thank the anonymous referee for their useful comments on an
earlier version of the article. Parts of this work was carried out while the second-
named author was a Ph.D. student at Université Laval.
1. Supersingular Abelian Varieties and Coleman maps
In this section, we set some notations and review results of [BL17] that we shall
need.
1.1. Cyclotomic extension and Iwasawa algebra. Fix forever an odd prime
p and a number field F unramified at p. We also fix F an algebraic closure of F
and let GF = Gal(F/F ) be the absolute Galois group of F . For each prime v of F ,
we denote by Fv the completion of F at v. Furthermore, we choose an algebraic
closure Fv of Fv as well as an embedding F →֒ Fv and set GFv = Gal(Fv/Fv) to
be the decomposition subgroup of v in GF . We denote by OF the ring of integers
of F and OFv the ring of integers of Fv when v is a non-archimedean prime of F .
Let µpn be the group of p
n-th roots of unity in F for every n ≥ 1 and µp∞ =
∪n≥1µpn . We set F (µp∞) = ∪n≥1F (µpn) to be the p∞-cyclotomic extension of F
in F . We shall write G∞ = Gal(F (µp∞)/F ) for its Galois group. The group G∞ is
isomorphic to Z×p and so it may be decomposed as ∆×Γ, where ∆ is cyclic of order
p− 1 and Γ ≃ Zp. For n ≥ 0, we write Γn for the unique subgroup of Γ of index pn.
We set F∞ = F (µp∞)
∆ to be the Zp-cyclotomic extension of F , and Fn = F
Γn
∞ , for
n ≥ 0.
Let Λ = Zp[[G∞]] be the Iwasawa algebra of G∞ over Zp. The aforementioned
decomposition of G∞ tells us that Λ = Zp[∆][[Γ]]. Furthermore, on fixing a topo-
logical generator γ of Γ, we have an isomorphism Zp[[Γ]] ≃ Zp[[X ]] induced by
γ 7→ X + 1. For n ≥ 0, we denote Λn = ΛΓn = Zp[∆][Γ/Γn]. The previous isomor-
phism implies that Zp[Γ/Γn] ≃ Zp[[X ]]/(ωn(X)), where ωn(X) = (X + 1)pn − 1.
For a character η on ∆ and a Λ-module M , let Mη be the η-isotypic component
of M , which is given by eη ·M , where eη = 1|∆|
∑
δ∈∆ η
−1(δ)δ. Note that Mη is
naturally a Zp[[Γ]]-module. We will say that a Λ-module M has rank r if M
η has
rank r over Zp[[Γ]] for all character η on ∆.
1.2. Supersingular abelian varieties. From now on, we fix a g-dimensional
abelian variety A defined over F with good supersingular reduction at every prime
v of F dividing p, which means that A has good reduction at v and the slope of the
Frobenius acting on the Dieudonné module associated to A at v is constant and
equal to −1/2 (see §1.4). For all n ≥ 1, we write A[pn] for the group of pn-torsion
points in A(F ) and A[p∞] = ∪nA[pn]. Let T = lim←−×pA[p
n] be the p-adic Tate
module of A, which is a free Zp-module of rank 2g endowed with a continuous
action of GF and let V = T ⊗Zp Qp. For each prime v of F dividing p, V is a crys-
talline GFv -representation with Hodge-Tate weights 0 and 1, both with multiplicity
g. Finally, we denote by A∨ the dual abelian variety of A.
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Lemma 1.1. For any prime v of F dividing p and w a prime of F (µp∞) above v,
the torsion part of A(F (µp∞)w) is finite and the group A(F∞,w) has no p-torsion
(where we denote again by w the prime of F∞ below w).
Proof. The first statement is a theorem of Imai [Ima75].
Let kFv be the residual field of Fv. By [Maz72, Lemma 5.11], the reduction map
induces an isomorphism of the p-torsion points in A(Fv) with the p-torsion points
in A(kFv ). Since A is supersingular at v, this latter group is trivial. Therefore,
A(Fv) has no p-torsion. Furthermore, since Γv = Gal(F∞,w/Fv) ≃ Zp is a pro-p
group, A(F∞,w) has no p-torsion. 
1.3. Iwasawa cohomology. Let v be a non-archimedean prime of F and w a
prime of F∞ dividing v. We set vn to be the prime of Fn below w. For i ≥ 0,
the projective limit of the Galois cohomology groups Hi(Fn,vn , T ) relative to the
corestriction maps is denoted by HiIw(Fv, T ). The structure of these Zp[[Γ]]-modules
is well-known (see [PR00, A.2]).
Proposition 1.2. (1) The groups HiIw(Fv, T ) are finitely generated Zp[[Γ]]-
module, trivial if i 6= {1, 2}.
(2) H2Iw(Fv , T ) is a torsion Zp[[Γ]]-module.
(3) The rank of H1Iw(Fv, T ) is given by
rankZp[[Γ]]H
1
Iw(Fv, T ) =
{
0 if v ∤ p,
2g[Fv : Qp] if v | p.
(4) The torsion sub-Zp[[Γ]]-module of H
1
Iw(Fv, T ) is isomorphic to T
GF∞ .
1.4. Coleman maps and logarithmic matrices. Let v be a prime of F dividing
p. We shall write fv = [Fv : Qp]. As a GFv -representation, T admits a Dieudonné
module Dcris,v(T ) [Ber04], which is a free OFv -module of rank 2g equipped with a
Frobenius after tensoring by Qp and a filtration of OFv -modules (Fili Dcris,v(T ))i∈Z
such that
Fili Dcris,v(T ) =
{
0 for i ≥ 1,
Dcris,v(T ) for i ≤ −1.
We may choose a Zp-basis {u1, . . . , u2gfv} of Dcris,v(T ) such that {u1, . . . , ugfv} is
a basis for Fil0 Dcris,v(T ). The matrix of ϕ with respect to this basis is of the form
Cϕ,v = Cv
(
Igfv 0
0 1pIgfv
)
,
where Igfv denote the identity matrix of dimension gfv and Cv is some matrix
inside GL2gfv (Zp). As in [BL17, Definition 2.4], we may define for n ≥ 1,
(2)
Cv,n =
(
Igfv 0
0 Φpn(1 +X)Igfv
)
C−1v and Mv,n = (Cϕ,v)
n+1 Cv,n · · ·Cv,1,
where Φpn denotes the p
n-th cyclotomic polynomial.
Letw be a prime of F (µp∞) dividing v. For i ≥ 0, we will denote by HiIw,cyc(Fv, T )
the projective limit of Hi(F (µpn)vn , T ) relative to the corestriction maps.
We set H = Qp[∆] ⊗Qp H(Γ) where H(Γ) is the set of elements f(γ − 1) with
γ ∈ Γ and f(X) ∈ Qp[[X ]] is convergent on the p-adic open unit disk. Perrin-Riou’s
big logarithm map is a Λ-homomorphism [PR94]
LT,v : H1Iw,cyc(Fv, T )→ H⊗Dcris,v(T ),
which interpolates Kato’s dual exponential maps [Kat93, II §1.2]
exp∗v,n : H
1(Fv(µpn), T )→ Fv(µpn)⊗ Fil0 Dcris,v(T ).
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In [BL17, Theorem 1.1], the big logarithm map is decomposed into
LT,v = (u1, . . . , u2gfv ) ·Mv ·


ColT,v,1
...
ColT,v,2gfv

 ,
where Mv a 2gfv×2gfv logarithmic matrix defined over H given by lim
n→∞
Mv,n and
ColT,v,i, i ∈ {1, . . . , 2gfv} are Λ-homomorphisms from H1Iw,cyc(Fv, T ) to Λ.
If Iv is a subset of {1, . . . , 2gfv}, we set
ColT,Iv : H
1
Iw,cyc(Fv, T )→
|Iv |∏
k=1
Λ,
z 7→ (ColT,v,i(z))i∈Iv .
Let I = (Iv)v|p be a tuple of sets indexed by the primes of F dividing p with
Iv ⊂ {1, . . . , 2gfv}. We set I to be the set of all such tuples such that
∑
v|p |Iv| =
g[F : Q]. We write I0 = (Iv,0) where Iv,0 = {1, . . . gfv}. Given any I ∈ I and
z = z1 ∧ · · · ∧ zg[F :Q] ∈
∧g[F :Q]∏
v|p H
1
Iw,cyc(Fv, T ), we define
ColT,I(z) = det(ColT,v,i(zj))i∈Iv ,1≤j≤g[F :Q].
For all n ≥ 1, let Hv,n = Cv,n · · ·Cv,1, where the matrices Cv,i are defined as
in (2). Let Hn be the block diagonal matrix where the blocks on the diagonal are
given by Hv,n. Given a pair I = (Iv), J = (Jv) ∈ I, we define HI,J,n to be the
(I, J)-minor of Hv,n.
Proposition 1.3. Let z ∈ ∧g[F :Q]∏v|pH1Iw,cyc(Fv, T ) and θ a character on G∞ of
conductor pn+1. The natural image of z in eθ ·
∧g[F :Q]∏
v|p
H1(Fv(µpn+1),V )
A(Fv(µpn+1))⊗Qp
is zero
if and only if ∑
J∈I
(
HI
0
,J,n ColT,J(z)
)
(θ) = 0.
Proof. Let us write z = z1∧· · ·∧zg[F :Q], LT =
∏
v|p LT,v and exp∗n+1 =
∏
v|p exp
∗
v,n+1.
Since the image of A(Fv(µpn+1))⊗Qp inside H1(Fv(µpn+1), V ) is precisely the kernel
of the dual exponential map exp∗v,n+1, the image of z in
eθ ·
g[F :Q]∧ ∏
v|p
H1(Fv(µpn+1), V )
A(Fv(µpn+1)v)⊗Qp
is zero if and only if
eθ · ∧1≤j≤g[F :Q] exp∗n+1(zj) = 0.
Via the interpolation formula of Perrin-Riou’s big logarithm map (see for example
[LZ14, Theorem B.5]), this is equivalent to
(3) ∧1≤j≤g[F :Q] (1⊗ ϕ−n−1) ◦ LT (zj)(θ) = 0.
For all 1 ≤ j ≤ g[F : Q], we may write LT (zj) = (LT,v(zj))v|p, where LT,v(zj) is
understood to be the composition of LT,v with the projection
∏
w|pH
1
Iw,cyc(Fw , T )→
H1Iw,cyc(Fv, T ). Recall from [BL17, proof of Proposition 2.5] that
LT,v(zj) ≡
(
u1 · · · u2gfv
) ·Mv,n ·


ColT,v,1(zj)
...
ColT,v,2gfv (zj)

 mod ωnH⊗Dcris,v(T ).
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But the right-hand side is equal to
(
ϕn+1(u1) · · · ϕn+1(u2gfv )
)
Hv,n


ColT,v,1(zj)
...
ColT,v,2gfv (zj)

 ,
which implies that
(1⊗ϕ−n−1)◦LT,v(zj) ≡
(
u1 · · · u2gfv
)·Hv,n·


ColT,v,1(zj)
...
ColT,v,2gfv (zj)

 mod ωnH⊗Dcris,v(T ).
On taking wedge products, (3) is thus equivalent to the vanishing of∑
I,J∈I
∧i∈Ivui
(
HI,J,n ColT,J (z)
)
(θ).
It remains to show that HI,J,n vanishes at θ unless I = I0 and J ∈ I. Indeed, if
i ∈ {gfv+1, . . . 2gfv}, the entire i-th row of Cv,n is divisible by Φpn(1+X). Hence,
the same is true for Hv,n. In particular, when we evaluate it at θ, the whole row
becomes zero. In other words, the lower half of Hv,n(θ) is entirely zero. Therefore,
in order for a g[F : Q] × g[F : Q] minor to be non-zero, we must take the upper
half of Hv,n. In other words, I = I0. 
2. Selmer groups
In this section, we introduce various Selmer groups associated to A∨, gather
some of their properties that we shall need and finish by using the Poitou-Tate
exact sequence to relate them to one another.
2.1. Signed Selmer groups. Let v be a prime of F dividing p and w a prime of
F (µp∞) above v and fix I = (Iv) ∈ I. We define
H1Iv (F (µp∞)w, A
∨[p∞]) ⊂ H1(F (µp∞)w, A∨[p∞])
to be the orthogonal complement of KerColT,Iv under Tate’s local pairing
H1(F (µp∞)w, A
∨[p∞])×H1Iw,cyc(Fv, T )→ Qp/Zp.
Since A∨[p∞](F (µp∞)w) is a finite p-group by Lemma 1.1 and the order of ∆ is p−
1, the groups H1(∆, A∨[p∞](F (µp∞)w)) and H
2(∆, A∨[p∞](F (µp∞)w)) are trivial.
Therefore, by the inflation-restriction exact sequence, the restriction map
H1(F∞,w , A
∨[p∞])→ H1(F (µp∞)w, A∨[p∞])∆
is an isomorphism. We use this isomorphism to define H1Iv (F∞,w, A
∨[p∞]) ⊂
H1(F∞,w , A
∨[p∞]) by
H1Iv (F∞,w, A
∨[p∞]) = H1Iv (F (µp∞)w, A
∨[p∞])∆.
The I-Selmer group of A∨ over F∞ is then defined by
SelI(A
∨/F∞) = Ker

H1(F∞, A∨[p∞])→∏
w∤p
H1(F∞,w, A
∨[p∞])×
∏
w|p
H1(F∞,w, A
∨[p∞])
H1Iv (F∞,w, A
∨[p∞])

 .
Remark 2.1. When F = Q and A is an elliptic curve with ap = 0, for an appropri-
ate choice of basis for the Dieudonné module of T , the signed Selmer groups coincide
with Kobayashi [Kob03] plus and minus Selmer groups. See [BL17, Appendix 4].
We denote by XI(A∨/F∞) the Pontryagin dual of SelI(A∨/F∞). As in [Kob03],
we have the following conjecture.
Conjecture 2.2. For all I ∈ I, the Zp[[Γ]]-module XI(A∨/F∞) is torsion.
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When A is an elliptic curve defined over Q, Conjecture 2.2 is known to be true
(c.f. [Kob03, Spr12]). See also [LLZ10] where a similar conjecture has been proved
for modular forms.
2.2. p-Selmer groups. The p-Selmer group of A∨ over an algebraic extension K
of F is defined by
Selp(A
∨/K) = Ker
(
H1(K,A∨[p∞])→
∏
v
H1(Kv, A
∨[p∞])
A∨(Kv)⊗Qp/Zp
)
,
where the injection A∨(Kv)⊗Qp/Zp →֒ H1(Kv, A∨[p∞]) is the Kummer map. Note
that A∨(Kv) ⊗Qp/Zp = 0 when v does not divide p. Furthermore, the orthognal
complement of A∨(Kv)⊗Qp/Zp under Tate’s local pairing
H1(Kv, A
∨[p∞])×H1(Kv, T )→ Qp/Zp
is A(Kv)⊗ Zp. The p-Selmer group then fits into a short exact sequence
(4) 0→ A∨(K)⊗Qp/Zp → Selp(A∨/K)→X(A∨/K)[p∞]→ 0,
where X(A∨/K) is the Tate-Shafarevich group of A∨ over K. We denote by
Xp(A∨/K) the Pontryagin dual of SelI(A∨/K).
2.3. Fine Selmer groups. The fine Selmer group of A∨ over an algebraic exten-
sion K of F is defined by
Sel0(A
∨/K) = Ker
(
H1(K,A∨[p∞])→
∏
v
H1(Kv, A
∨[p∞])
)
.
We denote by X0(A∨/K) its Pontryagin dual.
One has a “control theorem” for the fine Selmer groups in the cyclotomic exten-
sion, which we prove following closely Greenberg [Gre99, §3] and [Gre03].
Lemma 2.3. The kernel and cokernel of the restriction map
Sel0(A
∨/Fn)→ Sel0(A∨/F∞)Γn
are finite and have bounded orders as n varies.
Proof. The diagram
(5)
0 Sel0(A
∨/Fn) H
1(Fn, A
∨[p∞])
∏
vn
H1(Fn,vn , A
∨[p∞])
0 Sel0(A
∨/F∞)
Γn H1(F∞, A
∨[p∞])Γn
∏
w H
1(F∞,w, A
∨[p∞])Γn
is commutative.
One has the inflation-restriction exact sequence
0→ H1(Γn, A∨(F∞)[p∞])→ H1(Fn, A∨[p∞])→ H1(F∞, A∨[p∞])Γn → H2(Γn, A∨(F∞)[p∞]).
By Lemma 1.1, the groups H1(Γn, A
∨(F∞)[p
∞]) and H2(Γn, A
∨(F∞)[p
∞]) are triv-
ial. Thus, the central vertical map of the diagram is an isomorphism.
We now study the rightmost vertical map prime by prime. Let v be any prime
of F and vn be any prime of Fn above v. Let rn be the restriction map
H1(Fn,vn , A
∨[p∞])→ H1(F∞,w , A∨[p∞]),
where w is any prime of F∞ dividing vn. If v is archimedean, then v splits completely
in F∞/F . Thus, Ker(rn) = 0. If v is a non-archimedean prime, by the inflation-
restriction exact sequence
Ker(rn) ≃ H1(Γvn , A∨(F∞,w)[p∞]).
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By Lemma 1.1, if v divides p, this last group is trival. We assume that v does not
divide p. Then v is unramified and finitely decomposed in F∞. Thus, F∞,w/Fv is
an unramified Zp-extension. Let γvn be a topological generator of Γvn . Then
Ker(rn) ≃ H1(Γvn , A∨(F∞,w)[p∞]) ≃ A∨(F∞,w)[p∞]/(γvn − 1)A∨(F∞,w)[p∞].
As a group A∨(F∞,w)[p
∞] ≃ (Qp/Zp)t×(a finite group), for some 0 ≤ t ≤ 2g. Since
A∨(Fn,vn) is finitely generated, the kernel of (γvn − 1) acting on A∨(F∞,w)[p∞] is
finite. Thus, the restriction of (γvn − 1) on the maximal divisible subgroup which
we write (A∨(F∞,w)[p
∞])div is surjective and we have
(A∨(F∞,w)[p
∞])div ⊂ (γvn − 1)A∨(F∞,w)[p∞].
Therefore, the cardinality of Ker(rn) is bounded by [A
∨(F∞,w)[p
∞] : (A∨(F∞,w)[p
∞])div]
which is independent of n. Furthermore, if A∨ has good reduction at v, then the in-
ertia subgroup of GFv acts trivially and A
∨(F∞,w)[p
∞] is divisible. Hence, Ker(rn)
is trivial.
Now the set of non-archimedean primes of F where A∨ has bad reduction is
finite and for each of these primes, the order of Ker(rn) is bounded as n varies and
the number of primes vn of Fn dividing v is also bounded, hence, the order of the
kernel of the right-most vertical map in the diagram is bounded as n varies.
We conclude by applying the snake lemma to the diagram (5). 
2.4. Poitou-Tate exact sequences. Let Σ be a finite set of primes of F con-
taining the primes dividing p, the archimedean primes and the primes of bad
reduction of A∨. If K is an extension of F , we say by abuse that a prime of
K is in Σ if it divides an element of Σ and we denote by KΣ the maximal ex-
tension of K unramified outside Σ. The cyclotomic extension F (µp∞) is con-
tained in FΣ since only archimedean primes and primes dividing p can ramify in
F (µp∞). Furthermore, the action of GF on A
∨[p∞] factorizes through Gal(FΣ/F ).
In particular, for F ′ any extension of F contained in F∞ and ∗ ∈ {p, 0, I}, we
have that Sel∗(A
∨/F ′) ⊂ H1(FΣ/F ′, A∨[p∞]). Therefore, all the Pontryagin duals
X∗(A∨[p∞]/F∞) are finitely generated Zp[[Γ]]-modules (see [Gre89]).
For i ≥ 0, let HiIw,Σ(F, T ) be the projective limit of the groups Hi(FΣ/Fn, T )
relative to the corestriction maps. By [PR00, Proposition A.3.2], we have the exact
sequences
0→ X0(A∨/F∞)→ H2Iw,Σ(F, T )→
∏
w∈Σ
H2Iw(Fv, T ),(6)
H1Iw,Σ(F, T )→
∏
w∈Σ
H1Iw(Fv, T )
KerColIv
→ XI(A∨/F∞)→ X0(A∨/F∞)→ 0,(7)
and, for any n ≥ 0,
H1(Fn,Σ, T )→
∏
v|p
H1(Fn,v, T )
A(Fn,v)⊗ Zp → Xp(A
∨/Fn)→ X0(A∨/Fn)→ 0.(8)
Lemma 2.4. Assume that Conjecture 2.2 holds. Then
(1) X0(A∨/F∞) is a torsion Zp[[Γ]]-module,
(2) H2Iw,Σ(F, T ) is a torsion Zp[[Γ]]-module,
(3) H1Iw,Σ(F, T ) is a Zp[[Γ]]-module of rank g[F : Q].
Proof. The exact sequence (7) tells us that Conjecture 2.2 implies (1).
By Propositon 1.2, for every w ∈ Σ, H2Iw(Fv, T ) is a torsion Zp[[Γ]]-module.
Hence, using the exact sequence (6), the first statement of the Lemma implies the
second.
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Finally, thanks to [PR00, Proposition 1.3.2 (i) ⇒ (ii)], we conclude that (2)
implies (3). 
3. Growth of ranks
3.1. Bounding Mordell-Weil ranks using logarithmic matrices. We define
Xloc(Fn) = Coker

H1Iw,Σ(F, T )→∏
v|p
H1(Fn,v, T )
A(Fn,v)⊗ Zp

 .
Lemma 3.1. For n≫ 0,
rankZp Xloc(Fn) = rankZp Xp(A∨/Fn) +O(1).
Proof. By Lemma 2.3,
rankZp X0(A∨/Fn) = rankZp X0(A∨/F∞)Γn .
Since Lemma 2.4(1) says that X0(A∨/F∞) is Zp[[Γ]]-torsion, we have
rankZp X0(A∨/F∞)Γn = O(1)
for n≫ 0. Hence, the lemma follows from (8). 
Therefore, in order to bound the Mordell-Weil rank of A∨(Fn), it is enough to
bound rankZp Xloc(Fn) thanks to (4). We explain below how we may obtain a
bound on rankZp Xloc(Fn) using the logarithmic matrices we studied in §1.4.
From now on, we fix a family of classes c1, c2, . . . , cg[F :Q] ∈ H1Iw,Σ(F, T ) such
that H1Iw,Σ(F, T )/〈c1, . . . , cg[F :Q]〉 is Zp[[Γ]]-torsion (their existence is guaranteed
by Lemma 2.4(3)).
The composition
H1Iw,Σ(F, T )
(locv)v−−−−→
∏
v|p
H1Iw,cyc(Fv, T )
(ColT,Jv )v−−−−−−−→
g[F :Q]∏
k=1
Λ
is a Λ-homomorphism between two Λ-modules of rank g[F : Q]. Let us write
ColT,J (c) = det (ColT,Jv ◦ locv(ci))v|p,1≤i≤g[F :Q] .
Lemma 3.2. Let J ∈ I. Suppose that the Selmer group SelJ (A∨/F∞) is Zp[[Γ]]-
cotorsion. Then, ColT,J(c) 6= 0.
Proof. Recall from Lemma 2.4(1) that X0(A∨/F∞) is Zp[[Γ]]-torsion. By assump-
tion, XJ(A∨/F∞) is also Zp[[Γ]]-torsion. Therefore, our result follows from (7). 
Proposition 3.3. Let θ a character on Γ of conductor pn+1 which is trivial on ∆.
Then, eθ · Xloc(Fn)⊗Zp Qp = 0 if∑
J∈I
(
HI
0
,J,n ColT,J(c)
)
(θ) 6= 0.
Proof. Note that
H1(Fv(µpn+1), V )
A(Fv(µpn+1))⊗Qp
∼= Fv[Gal(Fv(µpn+1)/Fv)]⊕g ∼= Qp[Gal(Fv(µpn+1)/Fv)]⊕gfv
as Γ-modules via the Bloch-Kato dual exponential map. Thus,
g[F :Q]∧ ∏
v|p
H1(Fv(µpn+1), V )
A(Fv(µpn+1))⊗Qp

 ∼= Qp[Gal(F (µpn+1)/F )].
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In particular,
eθ ·
g[F :Q]∧ ∏
v|p
H1(Fv(µpn+1), V )
A(Fv(µpn+1))⊗Qp

 = eθ · g[F :Q]∧

∏
v|p
H1(Fn,v, V )
A(Fn,v)⊗Qp


is a one-dimensional Qp(θ)-vector space. By Proposition 1.3, our hypothesis on ∧ci
tells us that its image in this vector space is non-zero. Therefore, the eθ-component
of the cokernel of
g[F :Q]∧
H1Iw,Σ(F, T )⊗Qp →
g[F :Q]∧ ∏
v|p
H1(Fn,v, V )
A(Fn,v)⊗Qp
is zero. Hence the result. 
Theorem 3.4. Let θ a character as in the statement of Proposition 3.3. Suppose
that
(9)
∑
J
(
HI
0
,J,nColT,J (c)
)
(θ) 6= 0,
for n≫ 0, then
rankZp A
∨(Fn) = O(1).
Proof. Proposition 3.3 says that eθ · Xloc(Fn)⊗Zp Qp = 0 for n≫ 0. But
rankZp Xloc(Fn)− rankZp Xloc(Fn−1) = dimQp eθ · Xloc(Fn)⊗Zp Qp,
where θ is any character of Γ of conductor pn+1. In particular, rankZp Xloc(Fn) =
O(1). Lemma 3.1 now implies that rankZp Xp(A∨/Fn) = O(1) and our theorem
follows from (4). 
In other words, the key to show that the Mordell-Weil ranks of A∨ are bounded
inside F∞ is to establish (9).
3.2. Special cases. If Conjecture 2.2 holds, Lemma 3.2 tells us that ColT,J(c)(θ) 6=
0 if θ is a character whose conductor is sufficiently large. However, this is not
enough to verify (9) since we do not have an explicit description of HI
0
,J,n in the
most general setting. In this section, we will show that when the matrices Cϕ,v are
explicit enough, it is possible to establish (9) by calculating the p-adic valuations
of HI
0
,J,n(θ).
3.2.1. Block anti-diagonal matrices. We suppose in this section that for each v, we
may find a basis of Dcris,v(T ) such that the matrix Cv is of the form
(
0 ∗
∗ 0
)
,
where ∗ represents a gfv × gfv matrix defined over Zp. This is the same as saying
that ϕ(vi) /∈ Fil0 Dcris,v(T ) and ϕ2(vi) ∈ Fil0 Dcris,v(T ) for all i ∈ {1, . . . gfv}. It
can be thought of as the analogue of ap = 0 for supersingular elliptic curves. In
particular,
(10) Cv,n =
(
0 Bv,1
Φpn(1 +X)Bv,2 0
)
for some invertible gfv × gfv matrices Bv,1 and Bv,2 that are defined over Zp with
det(Bv,1Bv,2) = 1 (since detCϕ,v = p
−gfv ). For all n ≥ 1, we fix a primitive pn-th
root of unity ζpn and we write εn = ζpn − 1.
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Lemma 3.5. Suppose that Cv is block anti-diagonal for all v. Then, for all n ≥ 1,
we have
Hv,n(ζpn − 1) =


(
0 δn(Bv,1Bv,2)
(n−1)/2Bv,1
0 0
)
if n odd,(
δn(Bv,1Bv,2)
n/2 0
0 0
)
if n even.
Here, the constant δn is given by
δn =
{
ε1
ε2
· ε3ε4 · · ·
εn−2
εn−1
if n odd,
ε1
ε2
· ε3ε4 · · ·
εn−1
εn
if n even.
Proof. Thanks to (10), we have explicitly
Hv,n(εn) =
(
0 Bv,1
0 0
)
·
(
0 Bv,1
ε1
ε2
Bv,2 0
)
·
(
0 Bv,1
ε2
ε3
Bv,2 0
)
· · ·
(
0 Bv,1
εn−1
εn
Bv,2 0
)
.
Hence the result on multiplying out these matrices. 
Recall that I0 = (Iv,0)v|p, where Iv,0 = {1, . . . , gfv}. Let I1 be the complement
of I0, that is I1 = (Iv,1)v|p, where Iv,1 = {gfv + 1, . . . 2gfv}.
Lemma 3.6. Suppose that Cv is block anti-diagonal for all v and that the Selmer
groups SelI
0
(A/F∞) and SelI
1
(A/F∞) are both Zp[[Γ]]-cotorsion. Then, (9) holds
whenever n is sufficiently large.
Proof. Suppose that θ sends the fixed topological generator to ζpn . By Lemma 3.5,
HI
0
,J,n(θ) = 0
unless J = I0 and n is even, or J = I1 and n is odd. Let us write Jn = I 1−(−1)n
2
.
Then, the left-hand side of (9) is equal to(
HI
0
,J
n
,n ColT,J
n
(c)
)
(θ).
Lemma 3.5 says that HI
0
,J
n
,n(θ) is never zero. Our hypothesis on the Jn-Selmer
group and Lemma 3.2 tell us that
(
ColT,J
n
(c)
)
(θ) 6= 0 when n is sufficiently large.
Hence the result follows. 
If we combine this with Theorem 3.4, we deduce our first result on the Mordell-
Weil ranks of A∨.
Corollary 3.7. Suppose that Cv is block anti-diagonal for all v and that the Selmer
groups SelI
0
(A/F∞) and SelI
1
(A/F∞) are both Zp[[Γ]]-cotorsion. Then,
rankZp A
∨(Fn) = O(1).
3.2.2. Block anti-diagonal modulo p matrices. We suppose in this section that for
each v, we may find a basis of Dcris,v(T ) such that the matrix Cv is of the form
Cv =
(
pAv,1 Bv,1
Bv,2 pAv,2
)
,
whereAv,1, Av,2, Bv,1 Bv,2 are some gfv×gfv matrices over Zp with det(Bv,1), det(Bv,2) ∈
Z×p . In other words, Cv is congruent to a block anti-diagonal matrix modulo p. Note
that in the case of elliptic curves, given an basis of v1 of Fil
0 Dcris,v(T ), the pair
v1, ϕ(v1) form a basis of Dcris,v(T ) by Fontaine-Laffaille theory. The matrix of ϕ is
given by
(
0 − 1p
1
ap
p
)
. Thus, Cv =
(
0 −1
1 ap
)
is a block anti-diagonal matrix mod p
whenever p|ap. We shall discuss in this next section that the same holds for abelian
varieties of GL2-type in the next section.
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From now on, for each prime v, ordp denotes the normalized p-adic valuation on
Fv with ordp(p) = 1. Recall from the previous section that Jn = I 1−(−1)n
2
.
Lemma 3.8. Suppose that Cv is block anti-diagonal mod p for all v. Then,
ordp
(
HI
0
,J,n(ζpn − 1)
)− ordp (HI
0
,J
n
,n(ζpn − 1)
) ≥ 1− 1
p2 − 1
for all J 6= Jn and n ≥ 1.
Proof. By the calculations of Lemma 3.5,
Hv,n(ζpn − 1) =


(
O(p) δn(Bv,1Bv,2)
(n−1)/2Bv,1 +O(p)
0 0
)
if n odd,(
δn(Bv,1Bv,2)
n/2 +O(p) O(p)
0 0
)
if n even.
Here, O(p) denotes a matrix whose entries all have p-adic valuation ≥ 1. The
explicit formula of δn given by
ordp(δn) <
1
p2
+
1
p4
+ · · · = 1
p2 − 1 < 1.
Therefore,
HI
0
,J
n
,n(ζpn − 1) = det(δn⋆),
where ⋆ is a matrix given by a product of Bv,1 and Bv,2. But the determinants of
these matrices are p-adic units, so
ordp
(
HI
0
,J
n
,n(ζpn − 1)
)
= g[F : Q] ordp(δn).
If J 6= Jn, then there is at least one v where the (Iv,0, Jv)-minor contains a
column whose entries all have p-adic valuation ≥ 1. In the other columns, the
entries all have p-adic valuation ≥ ordp(δn). Therefore,
ordp
(
HI
0
,J,n(ζpn − 1)
) ≥ 1 + (g[F : Q]− 1) ordp(δn).
Hence,
ordp
(
HI
0
,J,n(ζpn − 1)
)− ordp (HI
0
,J
n
,n(ζpn − 1)
) ≥ 1− ordp(δn) > 1− 1
p2 − 1 ,
as required. 
Lemma 3.9. Suppose that Cv is block anti-diagonal mod p for all v and that
ColT,I
0
(c) and ColT,I
1
(c) are both non-zero. Furthermore, suppose that for all J
such that ColT,J (c) 6= 0, the µ-invariant of ColT,J (c) is independent of J . Then
(9) holds for n≫ 0.
Proof. Let µ be the common µ-invariant among the non-zero ColT,J(c) and write
λJ for the λ-invariant of ColT,J(c). For n ≫ 0, by Weierstrass’ preparation theo-
rem [Was97, Theorem 7.3],
ordp
(
ColT,J (c)(ζpn − 1)
)
= µ+
λJ
pn − pn−1 .
Note that
λJ
pn−pn−1 becomes arbitrarily small as n → ∞. Therefore, on combining
this with Lemma 3.8, we deduce that
0 6= ordp
(
HI
0
,J
n
,nColT,J
n
(c)(ζpn − 1)
)
< ordp
(
HI
0
,J,n ColT,J (c)(ζpn − 1)
)
for all J 6= Jn and n≫ 0. Hence (9) holds. 
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Corollary 3.10. Suppose that Cv is block anti-diagonal mod p for all v and that
SelI
0
(A/F∞) and SelI
1
(A/F∞) are both Zp[[Γ]]-cotorsion. Furthermore, suppose
that for all J such that SelJ (A/F∞) is Zp[[Γ]]-cotorsion, the µ-invariant of is
SelJ (A/F∞)
∨ independent of J . Then,
rankZp A
∨(Fn) = O(1).
Proof. By Lemmas 3.2 and 3.9, it is enough to establish the statement on the
µ-invariants. But (7) tells us that
µ
(
ColT,J (c)
)− µ (SelJ(A/F∞)∨)
is independent of J , so we are done. 
Remark 3.11. In the case of elliptic curves with supersingular reduction at p, it is
conjectured that the signed Selmer groups have zero µ-invariants [Pol03, Conjecture
6.3] [PR03, Conjecture 7.1].
3.3. Abelian varieties of GL2-type. We now assume that A is an abelian va-
riety defined over Q of GL2-type as defined in [Rib92], that is, the algebra of
Q-endomorphisms of A contains a number field E of degree [E : Q] = dimA. We
also assume that the ring of integers OE of E is the ring of Q-endomorphisms of
A and that p is unramified in E. In particular, the p-adic Tate module of A splits
into
T ∼=
⊕
p|p
Tp(A),
where the direct sum runs over all primes p of E above p and Tp(A) is a free
Op-module of rank 2 with Op the completion of OE at p.
Since A is defined over Q, we have Dcris,v(Tp(A)) = Dcris(Tp(A)) ⊗ Ov, where
Dcris(−) denotes the Dieudonné module over Qp. Therefore, it is suffisant to study
the matrix of ϕ over Dcris(Tp(A)). The action of ϕ on Dcris(Tp(A)) is Op-linear
turning Dcris(Tp(A)) into a rank-two filtered Op-module.
By considering the image of the Kummer map in H1(Qp, Tp(A)), we see that
the Hodge-Tate weights for this filtration are 0 and 1, each with multiplicity one.
Fontaine-Laffaille theory tells us that there exists an Op-basis of the form ωp, ϕ(ωp),
where ωp generates Fil
0 Dcris(Tp(A)). As A is supersingular at p, the eigenvalues
of ϕ are of the form ζi/
√
p i = 1, 2, where ζi is a root of unity. But p is unramified
in Ep. For the trace of ϕ to be an element of Ep, ζ1 + ζ2 must be an element of
pOp. Therefore, the matrix of ϕ with respect to the basis {ωp, ϕ(ωp)} is of the
form
(
0
bp
p
1
ap
p
)
for some ap ∈ pOp and bp ∈ O×p . If we choose a Zp-basis of Op, say
{x1, . . . , x[Ep:Qp]}, then this gives rise to a Zp-basis of Dcris(Tp(A)), namely
{xiωp,v, xiϕ(ωp,v) : i = 1, . . . , [Ep : Qp]} .
Under this choice of bases, we see that the resulting matrix Cv will be block anti-
diagonal mod p for all v. In particular, Corollary 3.10. Furthermore, if ap,v = 0 for
all p and v, then Cv will even be block anti-diagonal. In this case, Corollary 3.7
applies.
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